Most research in biology is empirical, yet empirical studies rely fundamentally on theoretical work for generating testable predictions and interpreting observations. Despite this interdependence, many empirical studies build largely on other empirical studies with little direct reference to relevant theory, suggesting a failure of communication that may hinder scientific progress. To investigate the extent of this problem, we analyzed how the use of mathematical equations affects the scientific impact of studies in ecology and evolution. The density of equations in an article has a significant negative impact on citation rates, with papers receiving 28% fewer citations overall for each additional equation per page in the main text. Long, equation-dense papers tend to be more frequently cited by other theoretical papers, but this increase is outweighed by a sharp drop in citations from nontheoretical papers (35% fewer citations for each additional equation per page in the main text). In contrast, equations presented in an accompanying appendix do not lessen a paper's impact. Our analysis suggests possible strategies for enhancing the presentation of mathematical models to facilitate progress in disciplines that rely on the tight integration of theoretical and empirical work.
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impact factor | mathematical formula | mathematical literacy | theoretical biology T he efficient exchange of new findings and insights between empirical and theoretical approaches is critical to a range of scientific disciplines, including nuclear physics (1), physical chemistry (2), neuroscience (3), epidemiology (4), ecology (5) , and atmospheric science (6) . In evolutionary biology, for example, the integration of empirical and theoretical work is essential for understanding how natural selection shapes organisms and their interactions (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) . Most biological research is empirical, yet empirical studies rely fundamentally on theory for generating testable predictions and interpreting observations. In return, empirical data provide both tests of established theory and guidance in the development of new models.
However, the importance of presenting theory in sufficient technical detail can sometimes conflict with the need to communicate the essence of a model in a clear, accessible manner. Concise and precise description of the structure of a mathematical model demands the use of equations, but such technical details might deter a broad audience of scientists doing largely empirical research. A cursory reading of the biological literature reveals that many empirical studies build largely on other empirical studies, with little direct reference to relevant theory. This observation suggests a breakdown of communication that may impede scientific progress.
To explore the extent of this problem, we systematically investigated how the use of mathematical equations affects the scientific impact of studies in ecology and evolution. We examined the use of equations and obtained citation data for all papers (total n = 649; Dataset S1) published in 1998 in the top three journals specializing in ecology and evolution: Evolution, Proceedings of the Royal Society of London B, and The American Naturalist. We find that heavy use of equations reduces citation rates, because papers with a high density of equations per page attract fewer citations from nontheoretical papers. Our results suggest possible strategies for enhancing the presentation of mathematical models to facilitate progress in disciplines that rely on the tight integration of theoretical and empirical work.
Results
To quantify the technical level of any theory presented in the articles, we counted equations, inequalities, and other mathematical expressions (hereafter referred to simply as "equations") in the main text and any printed appendixes. We divided this count by the number of pages to give a measure of equation density, which ranged from 0 to 7.29 equations per page (mean ± SEM: 0.43 ± 0.04) and was uncorrelated with the length of the article (r 647 = 0.056, P = 0.151). To assess impact, we obtained citation data for these articles from the Science Citation Index Expanded on the Thomson Reuters Web of Science in May 2011, excluding any selfcitations (i.e., citing papers for which one or more of the author surnames matched one or more of the author surnames for the cited paper). The number of citations varied widely, ranging from 0 to 374 with a mean ± SEM of 44.80 ± 1.98 citations (excluding self-citations). Controlling for a significant positive effect of paper length (Table 1 , All citations), the use of equations has a striking influence on this measure of impact. Equation density negatively affects citation rates, leading on average to 22% fewer citations for each additional equation per page (Table 1, All citations).
We might expect this effect to be driven largely by a reduction in nontheoretical citations. To investigate this hypothesis, we searched for the term "model*" (excluding some common empirical uses such as "experimental model*") in the title or abstract of the citing articles and used the presence of this term as a proxy for whether the citing paper was a theoretical one. This search identified 6,229 (22.2%) of the 28,068 citing articles as "theoretical." We validated our proxy by examining a randomly selected subset of 200 citing articles, which showed that 84.5% were correctly classified as theoretical or nontheoretical. As expected, the negative effect of equation density is strongest for nontheoretical papers, which provide 27% fewer citations for each additional equation per page (Table 1 , Nontheoretical citations). Articles less than 10 pages long with up to 0.5 equations per page are just as well cited as those with no equations, but increasing the equation density to more than one equation per page more than halves the number of nontheoretical citations (Fig. 1A) . In contrast, longer papers (>9 pages) receive more citations when they are completely equation-free, but beyond this difference, there appears to be no effect of quantitative changes in equation density (Fig. 1A) . Statistically, however, the effect of equation density on nontheoretical citations was consistent across papers of different lengths (nonsignificant interaction term; Table  1 , Nontheoretical citations).
Controlling for a significant effect of the journal of publication, there was no main effect of equation density on citations by theoretical papers (Table 1 , Theoretical citations). We did, however, record a significant positive interaction between equation density and the length of the cited paper. This interaction occurs because papers of 10 pages or more have increased citation success when they contain more than 0.5 equations per page (Fig. 1B) , implying that long, equation-dense papers are more likely to be cited by other papers presenting theoretical work.
Next, we distinguished between equations presented in the main text and those presented in an appendix. The overall number of citations decreases with the density of equations in the main text, each additional equation per page leading to a 28% drop in citations ( Table 2 , All citations). In contrast, equations presented in an appendix have no impact on citation rates ( Table 2 , All citations). Again these effects are largely driven by citation patterns in the nontheoretical literature. Citations by nontheoretical papers decrease by 35% for each additional equation per page presented in the main text ( Table 2 , Nontheoretical citations). For papers less than 10 pages long, the citation count more than halves when the main-text equation density is increased from 0.5 or less to more than one per page ( Fig. 2A) , whereas for longer papers (>9 pages), any equations in the main text appear to reduce citation success. Additional equations in the appendixes, however, have no effect on nontheoretical citation rates ( Table 2 , Nontheoretical citations and Fig. 2B ). Citations by theoretical papers are unaffected by the density of equations in either the main text or the appendixes (Table 2 , Theoretical citations), but the interaction between the density of main-text equations and the length of the paper was close to significance (P = 0.074), again suggesting that long, equationdense articles garner more citations from other theoretical papers.
The above findings suggest that these effects are not merely due to papers containing some equations being generally less well cited than those containing none. To check whether this interpretation is correct, we restricted our sample of cited papers to those containing at least one equation (n = 247). This analysis yielded similar results: The overall number of citations goes down with increasing equation density [odds ratio (OR) = 0.78, 95% confidence interval (CI) = 0.64-0.96, Wald z = −2.393, P = 0.017], and this effect is due to equations in the main text (OR = 0.72, 95% CI = 0.55-0.93, Wald z = −2.514, P = 0.012) rather than equations in the appendixes (OR = 1.01, 95% CI = 0.67-1.52, Wald z = 0.042, P = 0.966). Thus, there is a quantitative effect of increasing the density of equations, not simply an aversion to citing papers containing any mathematics. Discussion A paper's impact ought to be determined largely by its scientific merit, in terms of its novelty, rigor, breadth of interest, and other aspects of quality that are difficult or impossible to assess objectively, rather than by the particular way in which the methodology is presented. However, our results suggest that a scientifically strong theoretical paper risks dramatically reducing its impact by presenting its mathematical details in a highly technical manner. Long and equation-dense papers tend to be better cited by others doing theoretical work-perhaps because such papers offer the most in-depth theoretical treatment of a given topic-but any advantage gained in inspiring further theory is heavily outweighed by less effective communication to the broader scientific community. Overall, equation density has a strong negative impact on citation rates and, thus, presumably impedes the wider dissemination of theoretical predictions. This finding should give pause for thought to scientists aiming to communicate theory in the most effective way. New ideas spread through a cumulative process, The table shows statistical results from a generalized linear model with a negative binomial error structure. For a unit increase in the explanatory variable, the number of citations changes by a factor given by the OR, shown here with a 95% CI. For example, an OR of 0.78 implies a decrease of 22%, whereas an OR of 1.05 implies an increase of 5%. Significant effects (P < 0.05) based on the Wald z statistic are highlighted in bold. Fig. 1 . Equation-dense articles receive fewer citations from nontheoretical articles but not from other theoretical articles. The graphs show the mean (±SEM) number of citations by nontheoretical papers (A) and theoretical papers (B) for cited articles of differing length and number of equations per page (for the main text and appendixes combined). For illustration purposes only, the number of equations per page was binned into the ranges shown on the x axis; note that the data were not binned for the statistical analysis.
with citations tending to attract more citations, so a highly technical model description in the main text may make the difference between whether a paper is seldom read or has a substantial impact on future research in that field.
We see two main routes to restoring effective communication among biologists. One is to enhance the technical understanding of biology graduates by improving the level of mathematical training they receive (17) . Strengthening mathematics education is a laudable aim and might help to counter the effect we found that the presence of equations in long articles appears to put off some readers. However, any attempts to change educational programs would require considerable time and resources, would be unlikely to yield results for years or decades, would have to compete with other topics for curriculum space, and would need continuous development to hone their effectiveness.
A complementary and more immediate solution is for those doing theoretical work to describe their models in a way that can be more easily digested by a diverse audience. Our analysis indicates that theoretical articles can be made more accessible by reducing the density of equations in the main text. The best approach would be to add more explanatory text between the equations to describe carefully the underlying biological assumptions inherent in the mathematics. This approach encourages readers to form their own opinion on the appropriateness of the assumptions for different biological situations, thus strengthening connections between theory and empirical work. There is, however, a cost to this approach: It requires more journal pages to present a mathematical model if each equation is accompanied by substantial text. Competition for journal space is increasingly fierce, and we expect that long and detailed model descriptions will be resisted by many short-format journals.
An alternative way to reduce equation density in the main text is to move some of the equations to an appendix, where our analysis suggests that they have no effect on citation rates. Theoretical papers in which most of the mathematical details are presented in an appendix may appeal to a wider audience: The model description in the main text can be understood in general terms by most readers, whereas those who are more mathematically inclined can examine the details by consulting the appendix. For scientists aiming to maximize the impact of their theoretical work, this solution may be the most pragmatic one. However, the risk of moving equations to an appendix is that the main text then glosses over the fine details of the model's assumptions, which can have a big impact on how the predictions are interpreted (12, 14) . Authors should avoid this potential problem by clearly stating any assumptions in the main text.
Our study focused on the use of equations in printed material, because in 1998, electronic (online) appendixes were very rare. Today, most academic journals publish appendixes and other supplementary material exclusively as separate electronic files. Our suspicion is that equations presented in an electronic appendix would be even less off-putting to readers who are not mathematically inclined, because they are effectively hidden from view unless the reader actively chooses to download the associated file. However, for the same reason, they require more effort for interested readers to access, compared with appendixes published directly after the main text in a printed article. Now that it has become standard to publish appendixes as supplementary electronic files, it would be interesting to repeat our study in a few years' time using citation data for more recent papers.
In his bestselling book A Brief History of Time, the theoretical physicist Stephen Hawking pondered the possible impact of exposing the mathematical details underpinning his work: "Someone told me that each equation I included in the book would halve the sales [. . .] however, I did put in one equation [. . .] I hope that this will not scare off half of my potential readers" (18) . Although Hawking's book was written for a popular audience, his concern should resonate with theoretical biologists publishing in academic journals, many of whose readers have little or no postschool training in mathematics. To maximize the scientific impact of their work, biologists should consider reducing the equation density in the main text of their theoretical articles. We expect that this approach will facilitate the communication of theory to a broad audience and lead to faster progress in evolutionary biology and in other fields that rely on strong connections between theoretical and empirical work.
Materials and Methods
Data Collection. We analyzed citations of papers published in 1998 in the top three journals specializing in ecology and evolution, as judged by their 5-y impact factors in 2010: Evolution (5-y impact 6.041), Proceedings of the Royal Society of London B: Biological Sciences (5.442), and The American Naturalist (5.385). The publication year 1998 is sufficiently recent that we have access to full bibliographic information, but sufficiently long ago that we can assess long-term impact. This selection process gave us a sample of 186 papers published in Evolution, 342 in Proceedings B, and 121 in Am. Nat. (total n = 649). The table shows statistical results from a generalized linear model with a negative binomial error structure. For a unit increase in the explanatory variable, the number of citations changes by a factor given by the OR, shown here with a 95% CI. Significant effects (P < 0.05) based on the Wald z statistic are highlighted in bold.
We examined all articles published in the three chosen journals in 1998, counting equations, inequalities, and other mathematical expressions (hereafter referred to simply as equations) in (i) the main text and (ii) any printed appendixes. In 1998, online-only electronic appendixes were very rare, so we ignored any that were present. We only counted equations that were presented on lines set apart from the text, but two or more such equations written on the same line were considered as separate. "In-line" equations printed fully within the text, without breaking its spacing or indentation, were not counted.
We obtained citation data for these articles from the Science Citation Index Expanded on the Thomson Reuters Web of Science in May 2011. In calculating the number of citations, we ignored self-citations by excluding any citing papers for which one or more of the author surnames matched one or more of the author surnames for the cited paper. Although we acknowledge that this criterion might generate some spurious self-citations, they are likely to be rare and so not problematic in such a large dataset. In any case, when we included self-citations, we obtained very similar results.
We downloaded the abstracts of all articles where these were available, which was for 28,068 of the 29,072 citing articles (96.5%). We then searched for the term "model*" in the title or abstract of the citing articles (where the asterisk is a "wildcard" representing any group of characters and will therefore locate all instances of "model," "models," "modeled," "modelled," "modeling", and "modelling"), excluding some common empirical uses (namely "model organism*," "model species," "model system*," "model egg*," "model predator*," "experimental model*," "statistical model*," "regression model*," "general* linear model*", and "general* additive model*"). We used this as a rough proxy for whether the citing paper was a theoretical one. (We felt that "theor*" would be too broad as a search term and would identify too many general references to evolutionary theory.) The search identified 6,229 (22.2%) of the 28,068 citing articles as "theoretical," which is likely to be an overestimate of the true proportion of theoretical studies in evolution and ecology. To check the validity of our proxy, we examined a randomly selected subset of 200 of the citing articles and recorded whether they contained a substantial mathematical component (excluding statistical analysis of empirical data). For this subset, our proxy correctly classified 84.5% of articles as theoretical or nontheoretical.
Dataset S1 lists the cited articles and their citation data.
Statistical Analysis. We analyzed the citation patterns by fitting generalized linear models for count data using the statistical software package R (19) . A Poisson model for the error terms was not appropriate because the data were extremely overdispersed, with a variance-to-mean ratio in excess of 50. This overdispersion is unsurprising given that successive citations of a paper are not independent events but tend to attract additional citations as the paper becomes increasingly widely read. We therefore used a negative binomial model (20) , specified by the function glm.nb in R's MASS library. As with Poisson regression, this function models the natural logarithm of the response variable, but unlike Poisson regression, it takes into account the degree to which the data cluster together (21), which we found to be extreme (estimated clumping parameter, 0.663 ≤ k ≤ 0.942; ref. 22) . To check the sensitivity of our results to the model assumptions, we also fitted an equivalent set of models by using a quasi-Poisson error function (within the function glm in R). These models gave the same statistical conclusions and quantitatively similar estimates of the regression coefficients, so we present only the negative binomial models in the text. For each model, a plot of the residuals versus the fitted values and a normal quantile-quantile plot of the standardized residuals indicated no departure from the underlying statistical assumptions.
Rather than analyzing the effect of the absolute number of equations in an article, we divided this count by the article's length (total number of pages) to get a measure of the density of equations. There are two reasons for doing this. First, it allows us to separate the effect of the number of equations from that of the number of pages, which are positively related (r 647 = 0.257, P < 0.001). Second, it reflects our suspicion that equations may be more palatable to many biological readers if they are interspersed with plenty of explanatory text, rather than densely concentrated in a concise but heavily mathematical paper. To control for other influences on citation rate, we included the length of the article (total number of pages) and the journal of publication as additional explanatory variables. The density of equations per page and the total number of pages were both modeled as continuous variables instead of binned into categories as shown in the figures. We also included an interaction term between equation density and the total number of pages, because we suspected that heavy use of equations may be more off-putting if it extends over many pages. For illustration purposes only, the number of equations per page was binned into the ranges shown on the x axis; note that the data were not binned for the statistical analysis.
